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ON BIRATIONAL INVOLUTIONS OF P3
YURI PROKHOROV
Abstract. Let X be a rationally connected three-dimensional alge-
braic variety and let τ be an element of order two in the group of its
birational selfmaps. Suppose that there exists a non-uniruled divisorial
component of the τ -fixed point locus. Using the equivariant minimal
model program we give a rough classification of such elements.
1. Introduction
Let k be an algebraically closed field of characteristic 0. The Cremona
group Crn(k) is the group of birational transformations of P
n
k , or equivalently
the group of k-automorphisms of the field k(x1, . . . , xn). For n = 2 the
Cremona group and its subgroups were studied extensively in the classical
literature as well as in many recent works. In particular, the classification
of finite subgroups in Cr2(k) was started in the works of E. Bertini and was
almost completed recently by I. Dolgachev and V. Iskovskikh [DI]. For the
Cremona group in three variables the situation is much more complicated.
There are only a few partial results in this direction, see e.g. [P11], [P12].
The modern approach to the classification of finite subgroups in Cre-
mona groups is based on the simple observation that any finite subgroup
G ⊂ Crn(k) is conjugate to a biregular action on some rational projective
variety X . For any biregular action of a finite cyclic group G = 〈τ〉 on a
smooth projective threefold X , one can define a subvariety F(τ) ⊂ X , a
non-uniruled codimension one component of the locus of fixed points. The
birational type of F(τ) (if it is non-empty) does not depend on the choice
of our model X , so it is an invariant of the subgroup G ⊂ Crn(k) up to
conjugacy.
For n = 2, the invariant F(τ) is sufficient to distinguish conjugacy classes
of involutions τ in Cr2(k):
1.1. Theorem [BB]. Every element τ ∈ Cr2(k) of order 2 is conjugate to
one and only one of the following:
(i) a linear involution acting on P2, F(τ) = ∅;
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(ii) de Jonquie`res involution, F(τ) is a hyperelliptic (or elliptic) curve
of genus g ≥ 1;
(iii) a Geiser involution, F(τ) is a non-hyperelliptic curve of genus 3;
(iv) a Bertini involution, F(τ) is a non-hyperelliptic curve of genus 4
whose canonical model lies on a singular quadric.
Moreover, two elements τ, τ ′ ∈ Cr2(k) of order 2 are conjugate if and only
if F(τ) ≃ F(τ ′). In particular, τ ∈ Cr2(k) is linearizable (i.e. conjugate to
a linear involution acting on the projective plane) if and only if F(τ) = ∅.
In higher dimensions the last assertion of the above theorem is not true:
F(τ) does not distinguish the conjugacy classes (see Example 4.4.2). For
example the field of invariants k(x1, x2, x3)
τ need not be rational. Thus the
isomorphism class of this field is another invariant distinguishing conjugacy
classes of involutions.
In this paper we give a rough classification of elements of order two with
F(τ) 6= ∅ in groups of birational selfmaps of not only rational but arbitrary
rationally connected varieties (not necessarily rational). Our main result is
the following.
1.2. Theorem. Let Y be a three-dimensional rationally connected variety
and let τ ∈ Bir(Y ) be an element of order 2 such that F(τ) 6= ∅. Then τ
is conjugate to one of the following actions on a threefold X (birational to
Y ):
(C) X is given by the equation φ0(u, v)x
2
0+φ1(u, v)x
2
1+φ2(u, v)x
2
3 = 0 in
P2x0,x1,x2 × A2u,v and τ acts via (x0, x1, x2, u, v) 7→ (−x0, x1, x2, u, v).
(D) X is a τ -equivariant del Pezzo fibration over a rational curve with
trivial action of τ . The action on the generic fiber Xη satisfies
Pic(Xη)
τ ≃ Z and is one of the following:
(a) K2Xη = 1 and τη : Xη → Xη is the Bertini involution;
(b) K2Xη = 2 and τη : Xη → Xη is the Geiser involution;
(c) 1 ≤ K2Xη ≤ 4 and for the induced action τη : Xη → Xη we
have Fix(τη, Xη) = Cη ∪ Λη, where Cη is an elliptic curve,
Cη ∈ | −KXη |, and Λη is a 0-cycle of degree 4−K2Xη ;
(Fq) X is a Fano threefold with terminal GQ-factorial singularities,
Pic(X)τ ≃ Z, and one of the following holds
(a) dim | −KX | ≤ 0;
(b) dim | −KX | = 1 and | −KX | defines a birational structure of
a K3 fibration over P1 (see 6.2);
(c) dim | −KX | = 2 and | −KX | defines a birational structure of
an elliptic curve fibration over P2 (see 6.2).
(Fc) X is a Fano threefold with canonical Gorenstein singularities:
(a) X = X6 ⊂ P(1, 1, 1, 1, 3) is given by the equation y2 =
φ6(x1, . . . , x4), the singularities of X are cDV, and τ acts via
2
(i) y 7→ −y, or
(ii) x1 7→ −x1 (and x1 appears in φ6 in even degrees only).
(b) X is a double cover X of a smooth quadric W2 ⊂ P4 branched
over a surface B ⊂ W2 of degree 8, the singularities of X are
terminal and τ is either
(i) the Galois involution of X →W2 or
(ii) as in 7.3.2;
(c) X ⊂ P4 is a quartic with terminal singularities, τ is as in 7.3.3;
(d) X ⊂ P5 is a smooth intersection of a quadric and a cubic cone,
τ is as in 7.3.4;
(e) X ⊂ P6 is a smooth intersection of three quadrics, τ is as in
7.3.5.
1.3. Remark. In all cases except for (Fq) we can describe the surface F(τ):
type F(τ) (up to birational equivalence)
(C) generically double cover of P2
(D)(a) fibration over P1 into non-hyperelliptic curves of genus 4
whose canonical model is contained in a singular quadric
(D)(b) fibration over P1 into non-hyperelliptic curves of genus 3
(D)(c) elliptic curve fibration over P1
(Fc)(a)(i) {φ6 = 0} ⊂ P3
(Fc)(b)(i) B =W2 ∩ U4 ⊂ P4, where U4 is a quartic
(Fc) other cases K3 surface
1.4. Remark. Examples given in the corresponding sections show that all
the cases (C), (D)(a)-(c), (Fq), (a)-(c), (Fc)(a)(i)-(e) really occur.
Note that our classification is really “rough”. First of all we do not
provide detailed description, especially, in the case (Fq). The reason is the
lack of a classification of singular Fano threefolds. In fact, the involutions of
type (Fq)(a) seems to be most difficult to investigate. Next, our cases can
overlap and at the moment we cannot control this. Finally, in many cases
we cannot select rational varieties from our list to deduce a classification
of involutions in the Cremona group. For example, a general member X as
in (Fc) (a)-(d) and any member as in (Fc)(e) is not rational [Bea], [I80b].
However there are a lot of examples of specific (singular) Fano threefolds as
in (Fc) (a)-(c) which are rational.
The paper is organized as follows. Section 2 is preliminary. In Section
3 we prove some easy technical facts concerning the set F(τ). In Sections
4, 5, 6, and 8 we prove Theorem 1.2 in cases (C), (D), (Fq), and (Fc),
respectively. Section 7 provides some examples of involutions of type (Fc).
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2. Preliminaries
2.1. Notation.
P(a1, . . . , an) denotes the weighted projective space,
Xd ⊂ P(a1, . . . , an) denotes a hypersurface of weighted degree d;
Xd1·d2···dr ⊂ P(a1, . . . , an) denotes a weighted complete intersection
of type (d1, d2, · · · , dr).
We work over an algebraically closed field k of characteristic 0. When we say
that a variety has, say, terminal singularities it means that the singularities
are not worse than that.
2.2. G-varieties. Let G be a finite group. In this paper a G-variety is
an algebraic variety X provided with a biregular action of a finite group G.
Any morphism (resp. rational map) between G-varieties is usually supposed
to be G-equivariant. We say that a normal G-variety X is GQ-factorial if
any G-invariant Weil divisor on X is Q-Cartier.
A G-Fano-Mori fibration (or G-Fano-Mori fiber space) is a projective G-
equivariant morphism f : X → Z such that f∗OX = OZ , dimZ < dimX , X
has only terminal GQ-factorial singularities, the anti-canonical divisor −KX
is ample over Z, and the relative G-invariant Picard number ρ(X/Z)G is
one. In the case dimX = 3, we have the following possibilities:
(C) Z is a rational surface and the generic fiber Xη is a conic;
(D) Z ≃ P1 and the generic fiber Xη is a smooth del Pezzo surface;
(F) Z is a point and X is a, so-called, GQ-Fano threefold.
In these situations we say that X/Z is of type (C), (D), (F), respectively.
2.2.1. Remark.
(i) In the case (C) there exists a non-empty Zariski open subset U ⊂ Z
such that the restriction fU : XU → U is a conic bundle. Similarly,
in the case (D) there exists U ⊂ Z such that fU : XU → U is a
smooth del Pezzo fibration.
(ii) We also will consider a class of Fano G-varieties different from (F):
(Fc) Fano threefolds with canonical Gorenstein (not necessarily
GQ-factorial) singularities.
In some situations this is more convenient for classification pur-
poses. Subclass of (F) consisting of GQ-Fano threefolds X such
that KX is not Cartier we denote by (F
q).
2.3. Proposition. Let G be a finite group and let X be a rationally con-
nected G-variety. Then there exists a G-Fano-Mori fibration f : X¯ → Z
and a G-equivariant birational map X 99K X¯.
Outline of the proof. Standard arguments (see e.g. [P12]) show that we can
replace X with a non-singular projective model so that the action of G on
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X is biregular. Next, we run the G-equivariant minimal model program
(G-MMP): X 99K X¯ (in higher dimensions we can run G-MMP with scaling
[BCHM, Corollary 1.3.3]). Note that [BCHM] deals with varieties without
group actions but adding an action of a finite group does not make a big
difference (see [KM98, Example 2.18]). Running this program we stay in the
category of projective varieties with only terminalGQ-factorial singularities.
Since X is rationally connected, on the final step the canonical divisor
cannot be nef [MM, Theorem 1] and so we get a G-Fano-Mori fibration
f : X¯ → Z. 
2.3.1. Definition. Notation as in 2.3. If dimX = 3, we say that our
original G-variety belongs to class (C) (resp. (D), (F)) if so does X¯/Z.
Clearly, the choice of the birational map X 99K X¯ is not unique, so the
classes (C), (D), (F) can overlap.
2.4. G-minimal model program for pairs [Ale]. Let X be a normal
G-variety and let M be an invariant linear system of Weil divisors without
fixed components. In this situation we say that (X,M ) is a G-pair. In
the standard way one can define the discrepancy a(E,X,M ) of a prime
divisor E with respect to (X,M ). We say that (X,M ) is terminal (resp.
canonical) if a(E,X,M ) > 0 (resp. ≥ 0) for all exceptional divisors E
over X . One can run G-minimal model program in the category of G-pairs
(X,M ) such that X is GQ-factorial and (X,M ) is terminal. In particular,
for any G-pair (X,M ) there exists a terminal model f : (X ′,M ′) →
(X,M ), where f is a G-equivariant morphism and (X ′,M ′) is a terminal
G-pair such that KX′ + M
′ is f -nef, M ′ is the birational transform of M ,
and X ′ is GQ-factorial. Moreover, we can write
KX′ + M
′ = f ∗(KX + M )−
∑
aiEi,
where Ei are f -exceptional divisors, ai ≥ 0 for all i, and ai = 0 for all i if
and only if (X,M ) is canonical. In the last case we say that f is log crepant.
2.5. Varieties of minimal degree. For convenience of references we recall
the following well-known fact.
2.5.1. Theorem. Let W ⊂ PN be a n-dimensional projective variety not
lying in a hyperplane. Then degW ≥ codimW + 1 and the equality holds
if and only if W is one of the following:
(1) W = PN ;
(2) W =W2 ⊂ PN is a quadric;
(3) W is the image of PP2(E ), where E = OP2(2)⊕
⊕n−2
i=1 OP2 under the
(birational) morphism given by |O(1)|;
(4) W is the image of PP1(E ), where E =
⊕n
i=1 OP1(ai), ai ≥ 0 under
the (birational) morphism given by |O(1)|.
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2.6. Fano threefolds. Let X be a Fano threefold with only canonical
Gorenstein singularities. By the Riemann-Roch formula and Kawamata-
Viehweg vanishing dim | − KX | = g + 1, where g = g(X) is a positive
integer such that −K3X = 2g − 2. This number is called the genus of X .
Let Φ : X 99K Pg+1 be the anti-canonical map.
All such Fanos are divided in the following groups (see [I80a], [IP], [JR],
[PCS]):
• Bs | −KX | 6= ∅ and Φ(X) is a surface as in 2.5.1;
• (hyperelliptic case) Bs |−KX | = ∅, Φ is a double cover of a threefold
W ⊂ Pg+1 as in 2.5.1;
• (trigonal case) Φ is an embedding and the image Φ(X) is not an
intersection of quadrics, in this case quadrics passing through Φ(X)
cut out a fourfold as in 2.5.1;
• (main series) Φ is an embedding and the image Φ(X) is an inter-
section of quadrics.
In the above notation, X is called del Pezzo threefold if its anti-canonical
class is divisible by 2 in Pic(X), i.e. −KX ∼ 2A for some A ∈ Pic(X). The
degree of X is defined as d = d(X) := A3.
2.7. Theorem ([I80a, Ch. 2, §1], [Fuj, Ch. 1, §6]). Let X be a del Pezzo
threefold and let A := −1
2
KX . Then dim |S| = d(X) + 1 and d(X) ≤ 8.
Moreover,
(i) If d = 1, then X ≃ X6 ⊂ P(13, 2, 3). The linear system |2A| defines
a double cover X → P(13, 2) whose branch locus B ⊂ P(13, 2) is a
surface of weighted degree 6 such that the pair (P(13, 2), 1
2
B) is klt.
(ii) If d = 2, then X ≃ X4 ⊂ P(14, 2). The linear system |A| defines
a double cover X → P3 whose branch locus B ⊂ P3 is a surface of
degree 4 such that the pair (P3, 1
2
B) is klt.
(iii) If d = 3, then X ≃ X3 ⊂ P4.
(iv) If d = 4, then X ≃ X2·2 ⊂ P5.
3. The locus of fixed points
3.1. From now on G denotes a finite cyclic group generated by an element
τ . Let X be a G-variety of dimension n. Denote the set of fixed points by
Fix(τ,X). We will write Fix(τ) instead if no confusion is likely.
3.2. Remark. Assume that X has only GQ-factorial terminal singularities
and let F = ∪Fi be the union of all the (n − 1)-dimensional components
Fi ⊂ Fix(τ). Then Sing(F ) ⊂ Sing(X), F is is a disjoint union of its
irreducible components and each component Fi is normal. Indeed, for every
point P ∈ F , the induced action of τ on the Zariski tangent space TP,F
is trivial. On the other hand, the action is non-trivial on TP,X . Hence
TP,F ( TP,X and so Sing(F ) ⊂ Sing(X). In particular, distinct components
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Fi, Fj ⊂ Fix(τ) cannot meet each other outside of Sing(X). Note that
codimSing(X) ≥ 3 because the singularities of X are terminal. On the
other hand, Fi and Fj are Q-Cartier divisors because X is GQ-factorial.
Therefore, Fi ∩ Fj = ∅. The same arguments show that each Fi is smooth
in codimension one. Since Fi is Cohen-Macaulay (see e.g. [KM98, Corollary
5.25]), it is normal.
3.3. Remark. Assume that X has a structure of a G-Mori-Fano fiber
space f : X → Z and assume that there exists a non-uniruled irreducible
component S ⊂ Fix(τ,X) of dimension n − 1. Then S dominates Z (see
e.g. [HM, Corollary 1.3]). Therefore, the action of τ on Z is trivial.
3.4. Proposition. Assume that X is rationally connected.
(i) There exists at most one irreducible component S ⊂ Fix(τ,X) of
dimension n− 1 which is not uniruled.
(ii) Let ψ : X 99K X ′ be a birational map where X ′ is a projective
variety with Kawamata log terminal singularities (with respect to
some boundary). Assume that there is a divisorial component S ⊂
Fix(τ,X) which is not uniruled. Then ψ∗S is a divisor on X
′.
Proof. (i) Assume the contrary: there are two such components S1 and
S2. As in 2.3 we may assume that X is projective and smooth. Run the
equivariant MMP X 99K X¯. Non-uniruled divisors Si cannot be contracted
(see e.g. [HM, Corollary 1.3]). Therefore, their images S¯1 and S¯2 are also
divisors contained in Fix(τ, X¯). Since X is rationally connected, it cannot
have a minimal model, i.e. the canonical divisor KX¯ cannot be nef [MM,
Theorem 1]. Thus X¯ has a structure of a G-Fano-Mori fiber space f :
X¯ → Z. By Remark 3.2 the divisors S¯1, S¯2 do not meet each other. By
Remark 3.3 both S¯1 and S¯2 are f -ample and the action of G on Z is trivial.
Restricting S¯1 and S¯2 to a general fiber F = f
−1(z) we get two ample
disjointed divisors. Hence, dimF = 1 and so F ≃ P1. Since the action is
non-trivial on F , we see that Fix(τ, X¯) ∩ F consists of two points S¯1 ∩ F
and S¯2 ∩F . On the other hand, Z is rationally connected and so S¯i cannot
be a section of f generically, a contradiction.
(ii) follows by [HM, Cor. 1.6]. 
3.5. Notation. We denote the non-uniruled codimension one component
of Fix(τ,X) by F(τ,X) or simply by F(τ) (if no confusion is likely). By
Proposition 3.4 (ii) the birational type of F(τ,X) does not depend on the
choice of the projective model X (with only log terminal singularities) on
which G acts biregularly. In particular, we can define the Kodaira dimen-
sion κ(τ,X) to be equal to κ(F(τ,X)) if F(τ,X) 6= ∅ and κ(τ,X) = −∞
otherwise.
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4. Conic bundles
4.1. Notation. From now on, let G = {1, τ} be a group of order 2.
4.2. Lemma. Let f : X → Z be a G-Fano-Mori fiber space over a rational
surface Z. Assume that the action of G on Z is trivial. Then f is G-
birationally equivalent to the action on the hypersurface in P2x0,x1,x2 × A2u,v
given by
(4.2.1) φ0(u, v)x
2
0 + φ1(u, v)x
2
1 + φ2(u, v)x
2
2 = 0
via
(4.2.2) τ : (x0, x1, x2; u, v) 7−→ (−x0, x1, x2; u, v).
Moreover, the quotient X/G is rational.
Proof. First, by shrinking Z we may assume that Z ⊂ A2u,v is a Zariski open
subset, X is smooth, and f is a conic bundle over Z. Then the linear system
|−KX | defines a G-equivariant embedding X →֒ P2x0,x1,x2×A2u,v so that the
fibers of f are conics in P2x0,x1,x2 (see [Bea, Proposition 1.2]). Clearly, the
action on P2×A2 can be written in the form (4.2.2). Then by changing the
coordinate system we may assume that X is given by (4.2.1). Finally, X/G
is rational because k(X/G) ≃ k(u, v, x1/x2). 
4.2.3. Corollary. Let Y be a rationally connected G-threefold with G =
{1, τ} and κ(τ, Y ) ≥ 0. Assume that (Y,G) belongs to the class (C) and let
f : X → Z be a conic bundle model, that is, a G-Fano-Mori fibration with
dimZ = 2 such that there exists a G-equivariant birational map Y 99K X.
Then the action on Z is trivial and the restriction fF(τ) : F(τ) → Z is a
generically double cover. Therefore, the action of G is conjugate to that
given by (4.2.1)-(4.2.2).
Proof. Let S := F(τ). By Remark 3.3 the action on Z is trivial and f(S) =
Z. This proves the first statement. Further, for a general fiber F we have
F ≃ P1 and the action of G on F is not trivial. Then F ∩ S consists of two
points and so f |S : S → Z is a generically double cover. 
4.3. Remark. Recall that the irrationality degree of an algebraic variety
V is the minimal degree of a dominant rational map from V to Pn [Yos].
By the above corollary the irrationality degree of F(τ), where G is an invo-
lution with F(τ) 6= ∅ acting on a conic bundle, equals to 2. The following
construction shows that any algebraic surface of irrationality degree 2 is
birational to F(τ) for some involution in Cr3(k).
4.3.1. Construction. Let π : S 99K Z be a generically finite rational map
of degree 2, where Z is a rational surface. By shrinking Z we may assume
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that π is a morphism, Z is a Zariski open subset in A2u,v, and S is given in
A2u,v × P1x by the equation
x2 = φ(u, v).
Now define the action of τ on X := A2u,v × P1x as follows:
τ : (u, v, x) 7−→
(
u, v, φ(u, v)x−1
)
.
Clearly, Fix(τ) = S.
4.4. Finally, we give a series of examples of involutions in groups of bira-
tional selfmaps of conic bundles with F(τ) = ∅. In particular, this gives
examples of non-linearizable involutions in Cr3(k) with F(τ) = ∅ (cf. The-
orem 1.1).
4.4.1. Construction. Let h : Y → Z be a conic bundle over a surface.
Assume that there exists a rational surface S ⊂ Y such that the restriction
hS : S → Z is a generically finite morphism of degree 2 (so S is a 2-section
of h generically). By shrinking Z we may assume that hS is, in fact, finite.
Consider the base change f : X = Y ×Z S → S. Then f is a locally trivial
rational curve fibration. In particular, X is rational. Then the Galois
involution τ of the double cover X → Y defines an element of Cr3(k). Note
that if Y = X/τ is not rational, then τ is not linearizable. Indeed, otherwise
X/τ is birationally equivalent to the rational variety P3/τ ′, where τ ′ is a
linear involution of P3 that conjugate to τ .
4.4.2. Example. Let V ⊂ P4 be a smooth cubic hypersurface and let
L ⊂ V be a line. Let Y → V be the blowup of L and let S be the
exceptional divisor. The projection away from L induces a conic bundle
structure Y → P2 and S is a rational 2-section. The cubic V is not rational
[CG]. According to Lemma 4.2 our construction gives an example of an
involution in Cr3(k) with F(τ) = ∅ which is not linearizable.
5. Del Pezzo fibrations
In this section we study the case (D).
5.1. Lemma. Let Γ be any finite group. There is a natural bijective corre-
spondence between
• the set of all Γ-del Pezzo fibrations f : X → P1 with trivial action
on P1 modulo Γ-equivariant birational transformations over P1, and
• the set of all del Pezzo surfaces V over k(t) admitting an effective
Γ-action with Pic(V )Γ ≃ Z modulo Γ-isomorphisms.
Outline of the proof. Let k(P1) = k(t) and let η = Spec k(t) be the generic
point. Let f : X → P1 be a Γ-del Pezzo fibration with trivial action on
P1. Then Γ acts on the generic fiber V := Xη which is a del Pezzo surface
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over k(t) with Pic(V )Γ ≃ Z. Conversely, if Γ acts on a del Pezzo surface V
defined over k(t) so that Pic(V )τ ≃ Z, we can take a subring k ⊂ R ⊂ k(t)
such that the quotient field of R coincides with k(t), Z := SpecR is an
rational affine normal curve, and there exists a variety XZ over R such that
XZ ×SpecR Spec k(t) = V . Then as in 2.3 we get a Γ-del Pezzo fibration
X/P1. 
Recall that G = {1, τ} in our case.
5.2. Proposition. Let f : X → Z be a G-equivariant del Pezzo fibration
with Pic(X/Z)G ≃ Z and F(τ) 6= ∅ over a rational curve Z. Let Xη be the
generic fiber and let d := K2Xη . Then one of the following holds:
(i) d = 1, τ is a Bertini involution on Xη;
(ii) d = 2, τ is a Geiser involution on Xη;
(iii) 1 ≤ d ≤ 4 and τ fixes pointwisely an elliptic curve on Xη.
Moreover, Pic(Xη/G) ≃ Z.
Proof. Recall that by Remark 3.3 the action on Z is trivial. Let S :=
F(τ,X). Let Xη be the generic fiber and let Sη ⊂ Xη be the generic fiber
of S/Z. Thus Sη is a curve of τ -fixed points. Since κ(S) ≥ 0, pa(Sη) > 0.
If pa(Sη) > 1, then by [BB] (cf. Theorem 1.1) we have cases (i) and (ii).
Assume that pa(Sη) = 1. Then Sη is an elliptic curve and Sη ∈ |−KXη |. In
this case the statement follows by Lemma 5.2.1 below. The last assertion
is clear because ρ(Xη/G) = ρ(Xη)
G = 1. 
5.2.1. Lemma. Let V be a del Pezzo surface over a field L of characteristic
0, let τ ∈ AutL(V ) be an element of order 2, and let W := V/τ . Assume
that F(τ, V ) is a (smooth) elliptic curve. Then W is a del Pezzo surface
with only Du Val singularities of type A1, K
2
W = 2K
2
V , and
#Sing(W ) +K2V = 4.
In particular, K2V ≤ 4.
Proof. We may assume that L = C. Let π : V → W be the quotient map.
Put s := #Sing(W ) and d := K2V . Near each fixed point P ∈ V the action
of τ in suitable (analytic) coordinates can be written as τ : (x1, x2) 7→
(−x1, x2) or (−x1,−x2). In the first case π(P ) is smooth and in the second
one π(P ) is of type A1. Let C be the sum of one-dimensional components
of Fix(τ) and let C1 := F(τ, V ) ⊂ C.
We claim that C1 = C ∼ −KV . Assume that C1 6∼ −KV . Since (KV +
C1) ·C1 = 2pa(C1)− 2 = 0 and KV ·C1 < 0, we have C21 > 0. By the Hodge
index theorem (KV + C1) ·KV = (KV + C1)2 < 0, so d = K2V < −KV · C1.
On the other hand, the action of τ on the linear system | − rdKV | is non-
trivial, where r1 = 2 and rd = 1 if d > 1. Indeed, otherwise the morphism
given by | − rdKV | passes through W and then τ must be either a Bertini
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or Geiser involution. Hence C is a component of a divisor D ∈ | − rdKV |.
Therefore, d < −KV · C1 ≤ −KV ·D = drd. This is possible only if d = 1
and D = C1. But then pa(C1) = 2, a contradiction. Thus C1 ∼ −KV . Note
that C is smooth (because C ⊂ Fix(τ)). In particular, C is a disjoint union
of its irreducible components. Since C1 ∼ −KV is ample, C = C1.
Now by the Hurwitz formula KV = π
∗KW + C, so 2KV = π
∗KW . Hence
−KW is ample, i.e. W is a del Pezzo surface with only Du Val singularities
of type A1 and K
2
W = 2d. Applying the Noether formula to the minimal
resolution of W we get
ρ(W ) + s = 10−K2W = 10− 2d.
On the other hand, by the Lefschetz fixed-point-formula we have
s = 2 + TrH2(V,R)(τ) = 2 + ρ(W )− (ρ(V )− ρ(W )) = 2 + 2ρ(W )− 10 + d.
Thus s+ d = 4. 
Now we give two examples of involutions in Cr3(k) of types 5.2(i)-(ii).
5.3. Example (cf. [P10a, 7.7, 8.6, 4.2, 5.2]). Let X = X4 ⊂
P(14, 2)x1,...,x4,y be a hypersurface of degree 4 having only terminal singular-
ities and let π : X → P3x1,...,x4 be the projection. Then π is a double cover
branched over a quartic B ⊂ P3 and X is a del Pezzo threefold of degree 2.
Let τ be the Galois involution. We call it the Geiser involution of X . One
can write the equation of X in the form
y2 = φ4(x1, . . . , x4),
where φ4 = 0 is the equation of B and τ acts via xi 7→ xi, y 7→ −y. Let l1
and l2 are general linear forms in x1, . . . , x4. Then the map
X 99K P1, (x1, . . . , x4, y) 99K (l1, l2)
defines a birational τ -equivariant structure of del Pezzo fibration on X as
in (ii) of Proposition 5.2. Clearly, Fix(τ) ≃ B and this surface is either K3
with only Du Val singularities or birationally ruled. For a general choice
of B, the variety X is not rational. However, for some special B ⊂ P3 the
variety X can be rational. For example, let P˜3 → P3 be the blowup of 6
points in general position and let P˜3 → X be the contraction of K-trivial
curves. Then X is a del Pezzo threefold as above. This X is rational and
has exactly 16 singular points. Hence B is a Kummer surface. See [P10a]
for more examples.
5.4. Example (cf. [P10a, 7.8, 5.2]). As above, starting with a hypersur-
face X = X6 ⊂ P(13, 2, 3) we get the Bertini involution on X . A general
projection defines a birational τ -equivariant structure of a del Pezzo fibra-
tion on X as in (i) of Proposition 5.2. In this case Fix(τ) is a hypersurface
of degree 6 in P(13, 2), a surface of general type.
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5.5. Involutions of the type 5.2(iii) can be given by the following series of
examples.
5.5.1. Example. Let Q ⊂ P3k(t) be a smooth quadric defined over k(t).
Assume that Pic(Q) ≃ Z. For example we can take Q = {x0x1 + x22 +
tx23 = 0}. Let V → Q be the double cover branched over a smooth curve
C ∈ | − KQ| (also defined over k(t)). Then V is a del Pezzo surface of
degree 4. It is easy to see that V is an intersection of two quadrics Q1, Q2
in P4k(t) such that Q1 is a cone over Q and Q2 ∩Q = C. Let τ be the Galois
involution of V/Q. Since Pic(Q) ≃ Z, we have Pic(V )τ ≃ Z. We get an
action of τ on a del Pezzo fibration as in (iii) of Proposition 5.2.
5.5.2. Example. Let V ⊂ P3k(t) be a smooth cubic surface given by the
equation x20x1 + x1φ2(x1, x2, x3) + φ3(x1, x2, x3) = 0, where φd is a homo-
geneous polynomial of degree d and φ3(x1, x2, x3) is irreducible over k(t).
Thus (1 : 0 : 0 : 0) is an Eckardt point and lines passing through it are
conjugate under Gal(k(t)/k(t)). The involution τ acts via x0 7→ −x0 and
the quotient V/τ is a del Pezzo surface of degree 6 with a point of type A1.
As above we get an action of τ on a del Pezzo fibration as in 5.2(iii).
5.5.3. Example. Let V ⊂ Pk(t)(1, 1, 1, 2) be a smooth hypersurface of
weighted degree 4. We can write its equation as y2 = φ4(x1, x2, x3). Assume
that φ4 contains terms of even degree in x1 only. Then V is invariant under
the involution τ : x1 7→ −x1. The quotient V/τ is a hypersurface of weighted
degree 4 in Pk(t)(1, 1, 2, 2). It is a del Pezzo surface of degree 4 with two
points of type A1. As above we get an action of τ on a del Pezzo fibration
as in 5.2(iii).
5.5.4. Example. Let V ⊂ Pk(t)(1, 1, 2, 3) be a smooth hypersurface of
weighted degree 6. We can write its equation as z2 = φ6(x1, x2, y). Assume
that φ6 contains only terms of even degree in x1. The involution τ acts on
V via τ : x1 7→ −x1. As above we get an action of τ on a del Pezzo fibration
as in 5.2(iii).
6. Non-Gorenstein Fano threefolds.
In this section we study the case (Fq). Since we assert nothing if dim | −
KX | ≤ 0, we may assume that dim | −KX | ≥ 1. The essential result here
is to show that for a Fano threefold with dim | − KX | ≥ 3 admitting an
involution with F(τ) 6= ∅ there is an equivariant birational transformation
to a threefold with a structure of a fibration of type (C) or (D), or to a Fano
threefold with canonical Gorenstein singularities. We need the following
easy but very useful lemma.
6.1. Lemma. Let X be a normal G-threefold and let M be a G-invariant
linear system without fixed components such that −KX − M ∼Q D, where
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D is an effective Q-divisor. If either D 6= 0 or the pair (X,M ) is not
canonical, then (X,G) is of type (C) or (D).
Proof. Take a G-invariant pencil L ⊂ M (without fixed components) and
replace (X,L ) with its a terminal GQ-factorial model (see 2.4). Then we
can write −KX ∼Q L + D, where D > 0. Run G-equivariant (KX + L )-
MMP. On each step we contract a (K + L )-negative extremal ray and
−(K + L ) ∼Q D. Hence D is not contracted and K + L cannot be nef.
If (X,G) is not of type (C) nor (D), at the end we get a pair (X ′,L ′)
such that Pic(X ′)G ≃ Z and −KX′ ∼Q L ′ + D′, where D′ > 0. We can
write −KX′ ∼Q a′L ′ for some a′ > 1. By our construction the pair (X ′,L ′)
is terminal. Hence a general member L′ ∈ L ′ is smooth and contained
in the smooth locus of X ′ [Ale, Lemma 1.22]. By the adjunction formula
−KL′ = (a′ − 1)L′|L′ . Hence L′ is a del Pezzo surface. In particular, L′ is
rational and so X has a G-invariant pencil rational surfaces. Resolving the
base locus and running the relative G-MMP we get a G-Fano-Mori fibration
of type (D) or (C). 
6.1.1. Corollary. Let X be a GQ-Fano threefold. Assume that −KX ∼
D+M , where D andM are effective divisors such that D 6= 0 and dim |M | >
0. Then (X,G) is of type (C) or (D).
6.1.2. Corollary (cf. [Ale, §4]). Let X be a GQ-Fano threefold. Assume
that dim | −KX | ≥ 1 and (X,G) is not of type (C) nor (D). Then the pair
(X, | −KX |) is canonical. In particular, | −KX | has no fixed components.
6.2. Proposition (cf. [Ale, Theorem 4.5]). Let X be a non-Gorenstein
GQ-Fano threefold. Assume that dim | −KX | ≥ 1 and (X,G) is not of type
(C) nor (D). Then there are G-equivariant birational morphisms
X
f←− X˜ h−→ Y,
where f is a log crepant terminal model of the pair (X, | − KX |) and the
singularities of X˜ are terminal Gorenstein. Furthermore, there are the fol-
lowing possibilities:
(i) Y ≃ P1, dim | −KX | = 1, and h is a K3-fibration;
(ii) Y ≃ P2, dim | −KX | = 2, and h is an elliptic fibration;
(iii) Y is a Fano threefold with only Gorenstein canonical singularities
and h is a birational K-crepant morphism.
Proof (cf. [Ale, Theorem 4.5]). By Corollary 6.1.2 the pair (X, | −KX |) is
canonical. Let f be a log crepant terminal model of (X, | − KX |). Thus
(X˜, | −KX˜ |) is terminal and X˜ is GQ-factorial. Then | −KX˜ | is base point
free [Ale, Proof of Theorem 4.5] and so KX˜ is Cartier. Let f˜ : X˜ → X¯ ⊂ Pn
be the morphism defined by | − KX˜ | and let X˜ → Y → X¯ be the Stein
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factorization. We have a G-equivariant diagram
X˜
f
⑧⑧
⑧⑧
⑧⑧
⑧⑧
h

❄❄
❄❄
❄❄
❄❄
f˜
%%
X //❴❴❴❴❴❴❴ Y // X¯ ⊂ Pn
Let H˜ ∈ | − KX˜ | be a general member. Then H˜ is a smooth K3 surface.
Since the restriction map H0(X˜,−KX˜) → H0(H˜,−KX˜) is surjective, by
[SD] the image f˜(H˜) ⊂ Pn is either
(1) a rational normal curve,
(2) a rational normal surface of degree n− 1 (see 2.5.1), or
(3) a K3 surface with Du Val singularities.
Consider the case dim X¯ = 1. Then X¯ = f˜(H˜) is a rational normal curve
and −KX˜ = f˜ ∗OX¯(1) = nf˜ ∗P˜ , where P˜ ∈ X¯ is a point. By Corollary 6.1.1
n = 1 and we get (i).
Consider the case dim X¯ = 2. Then we are in situations (1) or (2) above.
Both possibilities give us that X¯ ⊂ Pn is a rational normal surface of degree
n − 1. Since −KX˜ = f˜ ∗OX¯(1), again by Corollary 6.1.1 the linear system
|OX¯(1)| cannot be decomposed in a sum of movable linear systems. The
only possibility is (ii) (see Theorem 2.5.1).
Finally, in the case dim X¯ = 3 we get (iii) as in [Ale, Corollary 4.6]. 
6.2.1. Example. Consider famous Fletcher’s list of 95 terminal Fano
weighted hypersurfaces [IF]. 92 of them satisfy the condition dim |−KX | ≤
2. Furthermore, many of these varieties admit a biregular involution τ with
κ(τ,X) ≥ 0.
For example a hypersurface X = X66 ⊂ P(1, 5, 6, 22, 33) in a suitable
coordinate system (x1, x5, x6, x22, x33) can be given by the equation x
2
33 =
φ(x1, x5, x6, x22), where φ is a quasihomogeneous polynomial of weighted
degree 66. The projection X → P(1, 5, 6, 22) is a double cover and for the
corresponding Galois involution τ we have Fix(τ) ≃ {φ = 0} ⊂ P(1, 5, 6, 22).
It is easy to check that for a general choice of φ the subvariety S := Fix(τ)
is a normal surface with only cyclic quotient singularities of types 1
2
(1, 1)
and 1
5
(1, 2). By the adjunction formula, KS = OS(32) and so K
2
S = 512/5.
Let µ : S˜ → S be the minimal resolution. Then KS˜ = µ∗KS −∆, where ∆
is the codiscrepancy divisor. In our case ∆ is supported over the point of
type 1
5
(1, 2), so ∆2 = −2/5 and K2
S˜
= 512/5− 2/5 = 102. Therefore, S is a
surface of general type and κ(τ,X) = 2.
Note however that a general Fano hypersurface X in the Fletcher’s list
is not rational [CPR]. So, for general X our construction does not produce
any involution in the Cremona group. It is interesting to investigate special
members of this list.
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7. Gorenstein Fano threefolds: examples
In this section we collect several examples of involutions acting on Goren-
stein canonical Fano threefolds. We are interested only in those involutions
that are not conjugate to actions on conic bundles nor del Pezzo fibrations.
First of all, a hyperelliptic Fano threefold has the Galois involution:
7.1. Example. Let π : X → P3 be a double cover branched over a divisor
B ⊂ P3 of degree 6 such that the pair (P3, 1
2
B) is klt. Then X is a hyperel-
liptic Fano threefold with g(X) = 2. Let τ be the Galois involution. Then
Sing(X) = π−1(Sing(B)) and Fix(τ) = π−1(B). If B is smooth or has only
Du Val singularities, then κ(τ,X) = 2. Note however that if X has only
isolated cDV singularities and is Q-factorial, it cannot be rational [CP]. In
particular, if we are interested in elements of order 2 in Cr3(k), we should
consider singular sextics B ⊂ P3.
For example, let B ⊂ P3 be the Barth sextic. Recall that it is a surface
given by the equation
4(ǫ2x21 − x22)(ǫ2x22 − x23)(ǫ2x23 − x21)− x24(1 + 2ǫ)(x21 + x22 + x23 − x24)2 = 0,
where ǫ = (1 + 2
√
5)/2. Then X has exactly 65 nodes and has no other
singularities. Moreover, X is rational (see [End, Example 3.7]). This gives
us an example of involution τ ∈ Cr3(k) with κ(τ,X) = 2.
7.2. Example. LetW = W2 ⊂ P4 be a smooth quadric and let π : X →W
be a double cover branched over a divisor B ∈ |OW (4)| such that the pair
(W, 1
2
B) is klt. Then X is a hyperelliptic Fano threefold with g(X) = 3. Let
τ ∈ Aut(X) be the Galois involution. As above, κ(τ,X) = 2 if the branch
divisor has mild singularities, however, X is not rational if it is smooth
[I80b].
A series of examples comes from double covers of del Pezzo threefolds:
7.3. Construction. Let Y be a del Pezzo threefold with only canonical
Gorenstein singularities. By definition, −KY ∼ 2A for some A ∈ Pic(Y ).
Let B ∈ | −KY | be an element such that the pair (Y, 12B) is klt. Consider
the double cover π : X → Y branched over B. By the Hurwitz formula
−KX = −π∗
(
KY +
1
2
B
)
= π∗A.
Then X is a Fano threefold with canonical Gorenstein singularities. Denote
by τ the Galois involution and S := π−1(B). Then S ≃ B, Sing(X) =
Sing(S)∪π−1 Sing(Y ), and Fix(τ) = S. Since KB = 0, we have κ(τ,X) ≤ 0
and κ(τ,X) = 0 if and only if B is irreducible, normal and has only Du
Val singularities. Let d = A3 be the degree of Y . We have −K3X = 2A3, so
g(X) = d+ 1.
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Consider particular cases of our construction.
7.3.1. Example (g = 2). Let Y be a del Pezzo threefold of degree 1.
Then Y is a hypersurface of degree 6 in P(13, 2, 3). The projection δ : Y →
P(13, 2) =: P is a double cover. Consider another double cover γ : P3 → P,
the quotient by a reflection. LetX := Y×PP3. Our involution τ is the Galois
involution of the projection X → Y which is a double cover. In other words,
X is a hypersurface of degree 6 in P(14, 3) given by the (quasihomogeneous)
equation z2 = φ(x20, x1, x2, x3) and τ is the reflection x0 7→ −x0.
7.3.2. Example (g = 3). Let Y be a del Pezzo threefold of degree 2. Then
Y is a hypersurface of degree 4 in P(14, 2). The projection δ : Y → P(14) =
P3 is a double cover. As above, consider another double cover γ : W2 → P,
the projection of a quadric W2 ⊂ P4 away from a point P /∈ W2. Let
X := Y ×P3 W2. Our involution τ is the Galois involution of the projection
X → Y which is a double cover.
7.3.3. Example (g = 3). Let X ⊂ P4 be a quartic given by the
(homogeneous) equation ax40 + x
2
0φ2(x1, x2, x3, x4) + φ4(x1, x2, x3, x4) = 0.
Our involution τ is the reflection x0 7→ −x0. The quotient is given by
ay2 + yφ2(x1, x2, x3, x4) + φ4(x1, x2, x3, x4) = 0 in P(1
4, 2). If a 6= 0, this is
a del Pezzo threefold of degree 2. If a = 0, then τ is linearizable.
7.3.4. Example (g = 4). Let X = X2·3 ⊂ P5 be an intersection of a
quadric Q and a cubic cone V with vertex P ∈ V so that P /∈ Q. The
projection π : X → Y ⊂ P4 away from P is a double cover of a cubic
Y ⊂ P4. Then τ is the Galois involution of this projection.
7.3.5. Example (g = 5). Let X = X2·2·2 ⊂ P6 be an intersection of three
quadrics Q1, Q2, Q3 so that Q1 and Q2 are cones with vertices at the same
point P ∈ Q1 ∩ Q2, where P /∈ Q3. The projection π : X → Y ⊂ P5 away
from P is a double cover of an intersection of two quadrics Y ⊂ P5. As
above τ is the Galois involution of this projection.
8. Gorenstein Fano threefolds: the proof of the main
theorem
8.1. Assumptions. Throughout this section X is a Fano threefold with
only canonical Gorenstein singularities. Let g := g(X) ≥ 2 be the genus of
X . So −K3X = 2g−2 and dim |−KX | = g+1. Let Φ = Φ|−KX | : X 99K Pg+1
be the anti-canonical map. Assume that (X,G) is not of type (C) nor (D)
(otherwise we are in the situation of §4 or §5). Our aim is to replace (X,G)
with another birational model satisfying the above assumptions andminimal
possible genus.
8.2. Lemma. The singularities of X are of type cDV.
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Proof. Recall that a three-dimensional canonical Gorenstein singularity is
of type cDV if and only if the center of every crepant exceptional divisor
is one-dimensional. Let P ∈ X be a non-cDV singularity. For its orbit
Λ we have two possibilities: {P} and {P, P ′}, where P ′ 6= P . Take the
subsystem L ⊂ | −KX | consisting of all the members passing through Λ.
Since dim | − KX | = g + 1 ≥ 3, dimL ≥ 1. Write L = D + M , where
D (resp. M ) is the fixed (resp. movable) part of L . By our assumption
(X,G) is not of type (C) nor (D) and by Lemma 6.1 we have D = 0 and
M = L . Let E be a crepant exceptional divisor with center at P . Since
P ∈ BsL , for the discrepancy of E we have a(E,X,L ) < a(E,X, 0) = 0.
Hence, the pair (X,L ) is not canonical. This contradicts Lemma 6.1. 
8.3. Proposition. Assume that | −KX | is not very ample. Then X is one
of the following:
(i) X is a double cover of P3 branched over a sextic surface B ⊂ P3;
(ii) X is a double cover of a smooth quadric W2 ⊂ P4 branched over a
surface cut out on X by a quartic hypersurface.
Proof. First we assume that Bs |−KX | 6= ∅. Then the imageW := Φ(X) ⊂
Pg+1 is a surface of minimal degree (see 2.6). Apply Theorem 2.5.1. Since
dim | − KX | = g + 1 ≥ 3, the surface W is either a Hirzebruch surface
Fn or a cone P(1, 1, n) over a rational normal curve. In both cases we
get a contradiction by Corollary 6.1.1 because | − KX | = Φ∗|OW (1)| is
decomposable in a sum of two movable linear systems.
Thus X is hyperelliptic and the linear system | − KX | defines a double
cover Φ : X → W , where W ⊂ Pg+1 is a (normal) variety of degree g − 1
(see 2.6). Apply Theorem 2.5.1. In the case (3) W is a Veronese cone,
W ≃ P(13, 2). Thus −KX = 2Φ∗OP(13,2)(1), where |OP(13,2)(1)| is a movable
linear system. This contradicts Corollary 6.1.1. In the case (4), we consider
the following diagram:
X

X˜oo
 !!❉
❉❉
❉❉
❉❉
❉❉
W P(E )oo // P1
where X˜ is the normalization of the product X ×W P(E ). Then X˜ is a
weak Fano threefold with canonical Gorenstein singularities [PCS, Lemma
3.6] and the morphism X˜ → X is crepant and G-equivariant. Hence the
composition X˜ → P1 is a G-equivariant del Pezzo fibration (of degree 2).
This contradicts our assumptions. In the case (1) we get (i) (see [PCS]).
Finally, in the case (2) we have a double cover as in (ii). We have to
show only that the quadric W2 ⊂ P4 is smooth. Indeed, otherwise the
linear system of its hyperplane sections |OW2(1)| admits a decomposition
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in a sum of two G-invariant movable linear systems of Weil divisors and so
| −KX | = Φ∗|OW2(1)| is. This again contradicts Corollary 6.1.1. 
8.4. Proposition. Assume that X is trigonal. Then X is one of the
following:
(i) Y ≃ Y4 ⊂ P4;
(ii) Y ≃ Y2·3 ⊂ P5.
Proof. We have a G-equivariant anti-canonical embedding X = X2g−2 ⊂
Pg+1. Assume that X is not an intersection of quadrics. Then the quadrics
through X in Pg+1 cut out a fourfoldW ⊂ Pg+1 of degree g−2 (see 2.6). As
above, apply Theorem 2.5.1. If W = P4 or W =W2 ⊂ P5, then we get (iii)
and (iv) respectively. In the remaining cases, let σ : W˜ → W be the blow
up of the singular locus (we put σ = id if W is smooth) and let X˜ ⊂ W˜ be
the proper transform of X . Then W˜ is smooth, X˜ is a weak Fano threefold
with canonical Gorenstein singularities [PCS, Lemmas 4.4, 4.7], and the
morphism X˜ → X is crepant (and G-equivariant). The variety W˜ is either
P2-bundle (resp. P3-bundle) over P2 (resp P1). By the adjunction formula,
the projection to the base induces on X˜ a G-equivariant structure of a conic
bundle (resp. del Pezzo fibration). This contradicts our assumptions. 
8.5. Lemma. Assume that | −KX | is very ample. Then there are no lines
passing through a general point P ∈ X.
Proof. Indeed, otherwise the family of lines on X has dimension at least 2.
Let L ⊂ X be a line passing through P . Let δ : X ′ → X be a terminal
crepant model and let L′ ⊂ X ′ be the proper transform of L. If L′ ∩
Sing(X ′) 6= ∅, then since dimSing(X ′) ≤ 0, we see that X is a cone over
S. The base of this cone is a hyperplane section, a K3 surface with only
Du Val singularities. But then the vertex is not a canonical singularity, a
contradiction. Hence L′ is contained into the smooth locus of X ′. Since L′
belongs to a covering family of rational curves, we have NL′/X′ ≃ OP1(a)⊕
OP1(b), where a, b ≥ 0. On the other hand, degNL′/X′ = −KX′ ·L′−2 = −1,
a contradiction. 
8.6. Lemma. Assume that g(X) ≥ 3 and there exists a G-fixed singular
point P ∈ X. Then there exists a G-equivariant birational map X 99K Y ,
where Y is a Fano threefold with canonical Gorenstein singularities and
g(Y ) < g(X).
Proof. By Proposition 8.3 either −KX is very ample or X is of type 8.3(ii),
i.e. X is hyperelliptic and Φ(X) is a smooth quadric W2 ⊂ P4. In the
second case P lies on the ramification divisor because Φ cannot be e´tale
over Φ(P ).
Let M ⊂ |−KX | be the subsystem consisting of all the members passing
through P . Thus Bs |M | = {P}. We claim that the map h : X 99K X¯ ⊂ Pg
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given by M is generically finite. If −KX is very ample, then h is nothing but
the projection away from P . Since X is not a cone, h must be generically
finite. So we may assume that M = Φ∗L , where L is the linear system
of hyperplane sections of W2 passing through P
′ := Φ(P ). We have the
following commutative diagram:
X
Φ

h
//❴❴❴❴❴❴ X¯

W2 //❴❴❴❴❴❴ P
3
where W2 99K P
3 is the projection away from P ′. Hence h is generically
finite.
If the pair (X,M ) is not canonical, then by Lemma 6.1 (X,G) is of type
(C) or (D). Thus (X,M ) is canonical (but not terminal at P ). Consider its
log crepant terminal model f : (X˜, M˜ )→ (X,M ) (see 2.4). Thus (X˜, M˜ )
is terminal,
KX˜ + M˜ = f
∗(KX + M ) ∼ 0,
and so M˜ ⊂ | −KX˜ |. Write
KX˜ = f
∗KX +Θ, M˜ = f
∗
M −Θ,
where Θ is an effective exceptional divisor such that Supp(Θ) = f−1(P ). For
a general member D ∈ |−KX˜ | we have f∗D ∈ |−KX | = |−f ∗KX−Θ|. Since
Θ cannot be numerically trivial over X , we have Supp(Θ) ∩ Supp(D) 6= ∅,
P ∈ f(D), and f∗D ∈ M . Therefore, M˜ = | −KX˜ |.
Since (X˜, M˜ ) is terminal, the base locus of M˜ consists of at most a finite
number of points [Ale, Lemma 1.22]. In particular, −KX˜ is a nef Cartier
divisor. By the above −KX˜ is also big, i.e. X˜ is a weak Fano threefold.
Consider the anti-canonical model Y := Proj⊕n≥0H0(X˜,−nKX˜). Then
Y is a Fano threefold with only canonical Gorenstein singularities. Let
X˜ → Y 99K X¯ be the Stein factorization of h ◦ f . Thus we have a diagram
(8.6.1) X˜
f
{{①①
①①
①①
①①
①

❄❄
❄❄
❄❄
❄❄
##
❭ ❨ ❱
❙
P
▲
❍
h : X //❴❴❴❴❴❴❴ Y //❴❴❴❴❴❴ X¯
By Proposition 8.3 the linear system |−KY | is base point free and so |−KX˜ |
is. Our construction is G-equivariant. Finally,
dim | −KY | = dim | −KX˜ | = dim M˜ = dimM = dim | −KX | − 1.
Therefore, g(Y ) < g(X). 
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8.7. Lemma. Assume that g(X) ≥ 4 and X is singular. Then there exists
a τ -equivariant birational map X 99K Y , where Y is a Fano threefold with
only canonical Gorenstein singularities and g(Y ) < g(X).
Proof. By Proposition 8.3 the linear system | −KX | defines an embedding
X = X2g−2 ⊂ Pg+1. By Lemma 8.6 we may assume that τ has no fixed
singular points. So, there are two points P1, P2 that are switched by τ .
Then, similar to the proof of Lemma 8.6, we consider the subsystem M ⊂
| −KX | consisting of all the members passing through P1 and P2. It gives
a map h : X 99K X¯ ⊂ Pg−1 which is the projection away from the line
L ⊂ Pg+1 passing through P1 and P2. We claim that h is generically finite.
Assume that its general fiber contains a curve C. Then C ⊂ Π ∩X , where
Π is a plane passing through L. Since (X,G) is not of type (C) the curve
C is not rational. In this case, X cannot be an intersection of quadrics. By
Proposition 8.4 the only possibility is that X is an intersection of a quadric
Q and a cubic Y in P5. Again since C ⊂ Π∩X is a non-rational curve, we
have Π ⊂ Q. If L 6⊂ Sing(Q), there exists only a finite number of planes in
Q passing through L. Thus we may assume that L ⊂ Sing(Q). But then
L∩Y either coincides with L or is an invariant 0-cycle of degree 3. In both
cases τ has a fixed point on L which must be a singular point of X . This
contradicts out assumptions.
Therefore, h is generically finite. Then, similar to the proof of Lemma
8.6, we get the diagram (8.6.1) and we can show that dim |−KY | < dim |−
KX |. 
8.8. Lemma. Assume that S := F(τ) 6= ∅. Furthermore, assume that
g(X) is minimal among all birational models of (X,G) satisfying 8.1. Then
either
(i) X is hyperelliptic and τ is the hyperelliptic involution or
(ii) S ∈ | −KX | and S has Du Val singularities only.
Proof. By Proposition 8.3 we may assume that | −KX | defines a morphism
Φ : X → Pg+1. If the natural action of τ on H0(X,−KX) is trivial, then X
must be hyperelliptic and we get the case (i).
Thus we may assume that τ faithfully acts on H0(X,−KX). Then Φ(S)
is contained in a hyperplane Pg ⊂ Pg+1. So, we can write Φ−1(Pg) =
S +R ∼ −KX , where R is an effective Weil divisor. Let ν : S ′ → S be the
normalization. By the subadjunction formula (see e.g. [Kol92, Ch. 16])
KS′ +DiffS′(R) = ν
∗(KX + S +R) = 0,
where Diff is the so-called different, an effective Q-divisor. By [MM, Cor.
3] we have DiffS′(R) = 0. So dimS ∩ R ≤ 0 and S is smooth in codimen-
sion one. Since S + R is Cohen-Macaulay, we get that R = 0 and S is
normal. Similarly, considering the minimal resolution of S, we obtain that
the singularities of S are Du Val. 
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8.9. Lemma. Assume that g(X) ≥ 6 and F(τ) 6= ∅. Then there exists a
G-equivariant birational map X 99K Y , where Y is a Fano threefold with
canonical Gorenstein singularities and g(Y ) < g(X).
Proof. By Lemma 8.5 the union of all the lines on X is a closed proper
subset V . Since the surface F(τ) is not uniruled, it is not a component
of V . Take a point P ∈ F(τ) \ V . Let f : X˜ → X be the blowup of P
and let E := f−1(P ) be the exceptional divisor. We claim that the divisor
−KX˜ = −f ∗KX − 2E is nef. Indeed, if −KX˜ · C˜ < 0 for some curve C˜,
then C˜ is contained in Bs | −KX˜ |. Note that M := f∗| − KX˜ | ⊂ | − KX |
is the subsystem consisting of all the members singular at P . Hence for
C := f(C˜) we have C ⊂ X ∩ TP,X . By Proposition 8.4 the variety X is
an intersection of quadrics. Hence C is a line passing through P . This
contradicts our choice of P . Thus −KX˜ is nef. Since −K3X˜ = −K3X−8 > 0,
it is big. By the base point free theorem (see e.g. [KM98, Th. 3.3]) the
linear system | − nKX˜ | defines a morphism h : X˜ → Y ⊂ Pn and we
may assume that Y is normal, has only canonical Gorenstein singularities,
KX˜ = h
∗KY , and −KY is ample. Thus we get a new Fano threefold Y with
−K3Y = −K3X − 8 > 0. 
From the above assertions we get a description of our Fano threefold X .
8.10. Corollary. Replacing (X, τ) with a birational model we may assume
that g(X) ≤ 5 and one of the following holds:
(i) X is a double cover of P3 branched over a sextic B ⊂ P3, the sin-
gularities of X are cDV;
(ii) X is a double cover X of a smooth quadric W2 ⊂ P4 branched over
a surface B ⊂ W2 of degree 8, the singularities of X are terminal;
(iii) X ⊂ P4 is a quartic with terminal singularities;
(iv) X ⊂ P5 is a smooth intersection of a quadric and a cubic cone;
(v) X ⊂ P6 is a smooth intersection of three quadrics.
Proof. By Lemma 8.2 the singularities of X are cDV. Recall that g(X) ≥ 2
(because −K3X = 2 g(X) − 2 > 0) and if g(X) = 2, then dim | −KX | = 3
(see 8.1) and we get case (i) by Proposition 8.3. Thus we assume that
g(X) ≥ 3. By the classification of Applying Lemma 8.9 we get a model
(X,G) with g(X) ≤ 5. In the cases g(X) = 5 and 4 by Lemma 8.7 we may
assume that X is smooth. In the case g(X) = 3 by Lemma 8.6 we may
assume that Fix(τ,X) ∩ Sing(X) = ∅, in particular, X has only isolated
cDV singularities. 
In the case (Fc) (a) we have an embedding X →֒ P(1, 1, 1, 1, 3)
which is equivariant (because this embedding is given by the sections of
H0(X,−nKX)). In suitable coordinates we get the desired subcases (i) and
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(ii). It remains to show that in the cases (Fc) (b)(ii), (c), and (d) the action
of τ is given by Construction 7.3. This is a consequence of the following.
8.11. Lemma. Let X be as in (ii)-(v) of 8.10. Assume that F(τ,X) 6= ∅
and the action of G on H0(X,−KX) is not trivial. Furthermore, assume
that g(X) is minimal among all birational models of (X,G) satisfying 8.1.
Then the quotient X/G is a (Gorenstein) del Pezzo threefold of degree
g(X)− 1.
Proof. Let π : X → Y = X/G be the quotient map, let S := F(τ,X), and
let R := π(S). By Lemma 8.8 we have S ∼ −KX . The divisor −KX + S =
−π∗KY is ample. Hence, Y is a (log terminal) Fano threefold. By the
adjunction formula, 0 = KR = (KY + R)|R. Hence, KY + R ∼Q 0 and
−K3Y = 4(−KX)3 = 8(g − 1). Moreover, the branch divisor R ⊂ Y is
divisible by 2 in Cl(Y ). Thus it is sufficient to show that Y has only terminal
Gorenstein singularities.
By Lemma 8.6 Fix(τ,X) ∩ Sing(X) = ∅. Therefore, S is smooth and
so Y is smooth along R. Assume that Fix(τ,X) 6= S. Then Fix(τ,X) \ S
consists of a finite number of smooth points P1, . . . , Pk ∈ X and by the
above each π(Pi) ∈ Y is a point of type 12(1, 1, 1). Then the linear span
of Φ(S) is a hyperplane Pg and Φ(P1) = · · · = Φ(Pk) := Q /∈ Φ(S). Here
Fix(τ,Pg+1) = Pg ∪ {Q}. In particular, k ≤ 2. Easy computations with the
orbifold Riemann-Roch formula show that the group Cl(Y ) is torsion free
(see e.g. [P10b, Prop. 2.9]). Since KY +R∼Q 0, the divisor KY is Cartier, a
contradiction. Thus Fix(τ,X) = S and the singularities of Y are terminal
Gorenstein. 
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